We present the first systematic study of strong binary-single and binary-binary black hole interactions with the inclusion of general relativity. By including general relativistic effects in the equations of motion during strong encounters, the dissipation of orbital energy from the emission of gravitational waves (GWs) can lead to captures and subsequent inspirals with appreciable eccentricities when entering the sensitive frequency ranges of the LIGO and Virgo GW detectors. It has been shown that binary-single interactions significantly contribute to the rate of eccentric mergers, but no studies have looked exclusively into the contribution from binary-binary interactions. To this end, we perform binary-binary and binary-single scattering experiments with general relativistic dynamics up through the 2.5 post-Newtonian order included, both in a controlled setting to gauge the importance of non-dissipative post-Newtonian terms and derive scaling relations for the cross-section of GW captures, as well as experiments tuned to the strong interactions from state-of-the art globular cluster models to assess the relative importance of the binary-binary channel at facilitating GW captures and the resultant eccentricity distributions of inspiral from channel. Although binary-binary interactions are 10-100 times less frequent in globular clusters than binary-single interactions, their longer lifetime and more complex dynamics leads to a higher probability for GW captures to occur during the encounter. We find that binary-binary interactions contribute 25-45% of the eccentric mergers which occur during strong black hole encounters in globular clusters, regardless of the properties of the cluster environment. The inclusion of higher multiplicity encounters in dense star clusters therefore have major implications on the predicted rates of highly eccentric binaries potentially detectable by the LIGO/Virgo network. As gravitational waveforms of eccentric inspirals are distinct from those generated by merging binaries which have circularized, measurements of eccentricity in such systems would highly constrain their formation scenario.
INTRODUCTION
The multiple discoveries of coalescing binary black hole (BBH) systems by the advanced network of gravitationalwave (GW) interferometers (Abbott et al. 2016c (Abbott et al. ,b,a, 2017a has led to significant interest in the astrophysical mechanisms responsible for their formation and subsequent merger. One evolutionary channel that may largely contribute to the population of BBHs is dynamical formation within dense stellar * zevin@u.northwestern.edu environments such as globular clusters (GCs) and nuclear star clusters (NSCs) (Portegies Zwart & McMillan 2000; Downing et al. 2009 Downing et al. , 2011 Rodriguez et al. 2015 Rodriguez et al. , 2016a , as well as young massive and open clusters (Banerjee 2017 (Banerjee , 2018a . Through dynamical friction, black holes (BHs) tend to migrate towards the cores of clusters, where stellar densities can be over a million times higher than the stellar density of our solar neighborhood (Lightman & Shapiro 1978) . In these tightly-packed collisional environments, BHs frequently interact with one another, swapping partners and hardening their orbits, thereby losing any memory of their primordial orbital states (e.g., McMillan et al. 1991; Hut et al. 1992; Fregeau & Rasio 2007) . BBH mergers from dynamical environments thereby imprint unique and potentially detectable characteristics in their GW waveforms relative to BBHs whose progenitors evolved in isolation, providing a possible route for discriminating between the various scenarios proposed for BBH formation.
In recent years, much attention has been focused on the BH spin orientations as a means to discriminate different BBH formation channels (Rodriguez et al. 2016b; Stevenson et al. 2017; Talbot & Thrane 2017; Vitale et al. 2017; Farr et al. 2017a,b; Gerosa et al. 2018; Sedda & Benacquista 2018; Schrøder et al. 2018) ; BBHs that evolve in isolation are expected to have spin vectors that are relatively aligned with the angular momentum of the binary, whereas BBHs that assemble dynamically will have spin vectors distributed isotropically on the sphere. However, if the spin magnitudes of heavy BHs are naturally low, the ability to discern formation scenarios using spin parameters is stifled. Mass distributions may also have utility once dozens to hundreds of observations are made (Stevenson et al. 2015; Mandel et al. 2016; Zevin et al. 2017) or if second generation BH mergers are found with masses in the putative pair instability upper mass gap (O'Leary et al. 2016; Fishbach et al. 2017; Rodriguez et al. 2018b ).
While our ability to measure BBH spins may be stymied by low spin magnitudes, the orbital eccentricity of the binary is entirely a function of the well-understood dynamics that assembled the system. Eccentricity is often overlooked when discusing the parameters of merging BBHs; GW emission is highly efficient at circularizing the orbit of an inspiraling binary (Peters 1964 ) and most formation scenarios predict the binary to have evolved in isolation for substantial periods of time before merger, thereby circularizing its orbit to a point where any measurable semblance of eccentricity would be lost before entering the sensitive frequency band of ground-based GW detectors. Furthermore, matched-filtering searches for GWs do not utilize eccentric templates (Usman et al. 2016; Messick et al. 2017) , necessitating methods of detection that are promising but significantly less effective than matched-filtering (Tai et al. 2014; Coughlin et al. 2015; Tiwari et al. 2016; Huerta et al. 2017; Gondán et al. 2017a,b; Huerta et al. 2018; Klein et al. 2018; Rebei et al. 2018; Gondán & Kocsis 2018) . However, recent work modeling the strong binary-single encounters which harden BBHs in GCs find that resonanting interactions (RIs) of BH systems (i.e., interactions of three or more bodies which evolve chaotically over many orbital times before dissociating) can facilitate rapid and highly-eccentric mergers when post-Newtonian (pN) effects, particularly the emission of GWs, are included (Gültekin et al. 2006; Samsing et al. 2014; Haster et al. 2016; Samsing & Ramirez-Ruiz 2017; Rodriguez et al. 2018b; Samsing 2018; Banerjee 2018b) . Though traditionally the modeling of chaotic BH interactions have relied on Newtonian N-body simulations (e.g., Hut & Bahcall 1983; Fregeau et al. 2004) , it was shown semi-analytically in Samsing et al. (2014 Samsing et al. ( , 2017a ; Samsing (2018) and with full numerical simulations in Rodriguez et al. (2018b) that the inclusion of pN terms in the N-body equations of motion have a significant impact on the evolution and outcome of such encounters.
During RIs, numerous meta-stable intermediate-state (IMS) binaries form before the interaction ceases through the ejection of enough components. These encounters can be long-lived, especially when the mass ratios are near unity (Sigurdsson & Phinney 1993) , therefore leading to dozens of IMSs during a single RI. Each IMS binary synthesized during the interaction will acquire an orbital eccentricity drawn from a quasi-thermal distribution. If an IMS binary has a high enough eccentricity (or, if two unbound compact objects pass close enough to one another during such an encounter), gravitational radiation will significantly dissipate orbital energy during periapse passages, which can lead to a GW capture and rapid inspiral (Quinlan & Shapiro 1987) . Due to the swiftness of these inspiral timescales, the system will not have time to fully damp its orbital eccentricity, leading to appreciable eccentricities even in the frequency ranges of ground-based GW interferometers such as the Advanced LIGO (Aasi et al. 2015) and Advanced Virgo (Acernese et al. 2015) detectors with as many as ∼ 5% of these events having eccentricities greater than 0.1 at a GW frequency of 10 Hz (e.g. Samsing 2018; Rodriguez et al. 2018b) .
Other formation scenarios which may facilitate BBH inspirals with eccentricities accessible by current ground-based GW detectors have also been identified, including dynamical interactions with an intermediate-mass BH in a GC core (Leigh et al. 2014; Fragione et al. 2017 , hyperbolic encounters between BHs in NSCs (O'leary et al. 2009; Kocsis & Levin 2012) , and through the evolution of three-body and four-body hierarchical systems (e.g., Miller & Hamilton 2002; Antonini & Perets 2012; Antonini et al. 2016; Silsbee & Tremaine 2017; Antonini et al. 2017; Rodriguez & Antonini 2018; Hoang et al. 2017; Liu & Lai 2017 Randall & Xianyu 2018a,b; Hamers et al. 2018; Arca-Sedda et al. 2018) , particularly when non-secular evolution is properly considered (Antonini et al. 2014) . Motivated by formation scenarios with this highly discriminating characteristic, efforts have been made to quantify the measurability of eccentric signals, and have placed limits on the amount of eccentricity needed in a signal to distinguish it from circular. For example, Lower et al. (2018) find that eccentricities will be discernible for a signal analogous to GW150914 (Abbott et al. 2016c ) detected by the Advanced LIGO/Virgo network if the eccentricity is 0.05 at a GW frequency of 10 Hz.
Recent work modeling BH encounters in GCs with pN dynamics have focused on binary-single BH encounters. In this paper, we present the first systematic study of binary-binary BH scattering encounters with pN terms up to and including the 2.5pN order. In addition to gauging the dependence of the GW capture cross-section on initial conditions of the binarybinary configuration, we use binary-single and binary-binary interactions from state-of-the-art cluster models to compare the efficiency and relative rate of captures and inspirals from these two types of encounters. We find that, while binarysingle encounters are more than an order of magnitude more prevalent in cluster environments, binary-binary encounters are naturally more efficient at inducing GW captures during a RI; in total binary-binary interactions contribute 25-45% of highly-eccentric GW inspirals in GCs, irrespective of the cluster properties. Similar to binary-single interactions in GCs, BBH mergers from binary-binary encounters lead to three distinct populations of eccentric GW inspirals (Rodriguez et al. 2018b; . Though only the most rapidly inspiraling population has eccentricities accessible by ground-based GW detectors, eccentricity measurements of the other two populations will be attainable by future space-based interferometers such as LISA .
We first outline the numerical methods and pN additions to the N-body equations of motion in Section 2. In Section 3, we derive analytical approximations and perform scattering experiments to investigate the post-encounter orbital properties from binary-binary interactions (3.1). We then discuss the dependence of various outcomes, including GW captures, on the initial properties of binary-binary systems, and for the first time quantify how non-dissipative pN terms affect the probability of GW captures in such encounters (3.2). Following this, we gauge the relative efficiency of inducing GW captures from binary-binary encounters compared to their binary-single counterparts using state-of-the-art cluster models, and examine the eccentricity distribution of inspirals from binary-binary encounters (3.3). We discuss the implications of our findings and future work in Section 4, and summarize our main conclusions in Section 5.
NUMERICAL METHODS
Orbital dynamics involving more than two bodies is chaotic; no general analytic solution can be derived and subtle changes in the initial conditions of the system can lead to vastly different outcomes (e.g., Samsing & Ilan 2018) . Therefore, it is common to perform a large number of scattering experiments that span the possible initial configurations to quantitatively determine how variations in initial conditions probabilistically affect interaction outcomes. (Heggie 1975; Hut & Bahcall 1983; Fregeau et al. 2004; Antognini & Thompson 2016) . In particular, three-body binary-single scatterings have been extensively studied (e.g., Fregeau et al. 2004) , and more recently this problem has been reexamined with the inclusion of GW dissipation in the equations of motion (Samsing et al. 2014) . The problem of four-body binarybinary scattering has been investigated to a lesser extent, as the multitude of possible final configurations and necessary computational requirements make higher multiplicity encounters much more complicated to examine with scattering experiments. However, cluster modeling predicts that a significant number binary-binary BH encounters do occur in the cluster cores , and such encounters are vital for the formation of triple systems since the Newtonian energetics of three-body encounters in GCs will typically not allow for the formation of a bound triple. Binary-binary interactions have also been shown to amplify the Lidov-Kozai mechanism in BBH systems (Miller & Hamilton 2002; Liu & Lai 2018b) as well as provide a potential explanation for abnormal pulsar accelerations in certain GCs. (Colpi et al. 2003) In investigating the dynamical impact of binary-binary encounters, studies such as Fregeau et al. (2004) and later Antognini & Thompson (2016) performed detailed scattering experiments for binary-binary interactions (as well as other higher-multiplicity systems in Antognini & Thompson 2016) in the Newtonian regime to comprehensively gauge how variations in initial conditions affect the cross-sections of particular outcomes. However, as these studies did not specifically target encounters of compact objects or take into account pN effects, there have been no studies which investigate the role of binary-binary encounters involving BH systems in the strong gravity regime, and how such interactions instigate GW captures and rapid inspirals.
In this study, we preform O(10 5 ) scatterings for each set of initial conditions to determine cross-sections of particular outcomes, as well as properties of the BBH inspirals that follow.
Initial conditions & pre-encounter setup
Each binary-binary system is defined by its four component masses, two semi-major axes (SMAs), and two eccentricities prior to interaction, as well as the relative incoming velocity of the two pre-encounter binaries. Masses and orbital parameters are notated by subscripts in a top-down fashion as in Fregeau et al. (2004) , where leftmost indices in the subscripts denote the separate binary systems prior to interaction and rightmost indices the components of the binary. For example, m 12 indicates the secondary component of the target binary and a 2 the SMA of the incoming binary. We sample the location of the orbit by solving Kepler's equations numerically and sampling the mean anomaly, and Given an incoming velocity at infinity v ∞ , we define our maximum impact parameter similar to Hut & Bahcall (1983) 1 :
where v crit is the critical velocity at which the total energy of the system is zero and a max is the largest of the two binary SMAs. We then draw the impact parameter of the incoming system at infinity (b ∞ ) uniformly from a circle of radius b max . To limit integration time at large separations, we analytically evolve the incoming system forward from b ∞ and v ∞ using conservation of energy and angular momentum until one of the two binary systems reaches a threshold point of F tid /F rel = 10 −5 , where F tid is the tidal force on the components of one binary from the other binary and F rel is the gravitational force between two components within a single binary. We then integrate the pN equations of motion until a physical or computational outcome is reached using the Nbody integration scheme detailed in Samsing et al. (2017b) . As we only consider the scattering of systems composed entirely of BHs, finite-size effects such as tides are ignored.
Quantifying interaction probability
Binary-binary scattering experiments lead to various potential outcomes, which we refer to as endstates. To quantify the probability of a particular endstates, we define a crosssection in the standard way:
where N X is the number of realizations that result in endstate X for a given initial condition and N tot is the total number of realizations run for a particular initial condition. From this, the rate for a particular outcome is approximated as Γ X n BBH σ X v disp where v disp is the velocity dispersion and n BBH is the number density of BBHs in the cluster core. For investigating the relative rate of a particular outcome it is useful to normalize the cross-section by the sum of the areas of the two interacting binaries, a quantity referred to as the reduced cross-section:σ
There are two types of uncertainty to consider in our scattering experiments. The first is statistical uncertainty due to the finite number of scattering experiments, which is simply a Poisson counting uncertainty:
The second source of uncertainty is due to computational constraints; certain interactions will form long-lived metastable states or be thrown into wide orbits, which take an exceedingly long time to integrate. We mark systems as unresolved if they simulate for longer than 10 4 times the average initial orbital time of the two incoming binaries or if the computing time of the integration exceeds 1 hour. Given N unres unresolved systems, the resultant systematic uncertainty is
which only acts to increase the cross-section uncertainty. We typically find 5% of systems for a particular initial configuration are unresolved due to integrating for a simulation time of longer than 10 4 average initial orbital times and 1% are unresolved due to exceeding an hour of computer integration time. However, these unresolved outcomes still dominates over low-probability endstates such as GW captures. Throughout this text, our upper error bars show only statistical uncertainty for readability. We find this to be reasonable, as it is expected that if fully integrated the endstates for unresolved systems will proportionally follow the endstate cross-sections of resolved systems. However, we still include the cross-sections of unresolved systems as separate points in our figures, which if added to the cross-section of another endstate will provide a highly conservative upper limit. We stress again that this uncertainty can only act to increase the cross-section of resolved endstates.
Halting criteria and possible outcomes
We define similar endstates to those in Antognini & Thompson (2016) , with the addition of the crucial "GW capture" endstate which becomes relevant when pN effects are considered (see Figure 1 for schematics of possible endstates). In all endstates, we define an object as "unbound" when it has positive energy relative to all other components, is moving away from center of mass of the interaction, and its tidal force on other components in the interaction is less than 10 −3 times their relative binding force. The possible endstates are defined as follows:
• NO EXCHANGE: Two bound binaries unbound from one another, with constituent components that are identical to the initial configuration. This can result from either a weak interaction fly-by or a RI that leads to a final configuration identical to the initial configuration.
• EXCHANGE: Two bound binaries unbound from one another, with constituent components that are different from the initial configuration.
• SINGLE IONIZATION: One bound binary which maintained its initial configuration and ionized the two components of the other binary.
• EXCHANGE & IONIZATION: One bound binary composed of two components that originated in different binaries, with the two remaining components ionized.
• TRIPLE FORMATION: One of the four components is ionized and a stable hierarchical triple is formed. We determine if a triple is stable according to the stability criterion from Mardling & Aarseth (2001):
where i is the inclination of the outer component's orbit relative to the orbital plane of the inner binary and once we again use the top-down notation (for example, a 11 is the SMA of the inner binary in the triple, m 12 is the total mass of the inner binary, and m 11 is the mass of the tertiary, see Fregeau et al. 2004) . Systems that reach this stable endstate can by examined further through secular evolution.
• GW CAPTURE: Emission of GWs lead to a rapid inspiral and merger of two component BHs during the RI (Samsing et al. 2014) . To avoid the breakdown of our numerical integration schemes as the two quasipoint particles come near contact, we determine this endstate when two particles are in a bound orbit (E ij < 0) and their SMA reaches a nominal value, namely a ij /(R s,i + R s, j ) < 10, where R s is the Schwarzschild radius. Systems meeting this criterion will merge on a rapid timescale and perturbations from other component BHs in the RI can be neglected; for example, two 20 M BHs on a circular orbit at this limit will merge in less than three seconds.
Two additional endstates are possible: a full ionization (i.e., all components of the two binary systems become ionized) and a direct collision. However, these endstates are exceedingly rare relative to the other endstates; since v ∞ v crit for most cluster binaries fully ionizing encounters are energetically improbable, and the physical sizes of stellar-mass BHs make direct collisions in unbound systems highly unlikely.
Post-Newtonian equations of motion
The encounters we focus on in this study lead to relativistic velocities and interactions in the strong-field gravity regime; purely Newtonian dynamics fails to capture their true evolution. Though there is no general analytic expression for the equations of motion of relativistic bodies, pN theory approximates relativistic effects by formulating the equations of motion in increasing orders of (v/c) γ . The 2.5pN order, which includes terms in the pN expansion with γ = 5, is the lowest pN order at which the dissipative energy effects of GW emission are introduced. Prior studies which focused on binary-single BH encounters found the inclusion of GW emission can lead to GW captures and rapid inspirals (e.g., Samsing et al. 2014) .
In this study, we include pN terms in the equations of motion up to and including the 2.5pN term (see e.g. Blanchet 2014). Though the 2.5pN term is the primary driver facilitating rapid and eccentric mergers during RIs, the 1pN and 2pN terms, which govern periapse precession, may play an important role in the evolution of strong-field four-body encounters. Furthermore, precession of the orbit can suppress Lidov-Kozai oscillations in hierarchical triples that lead to mergers with measurable eccentricities (Blaes et al. 2002) . To ensure the correct implementation of pN terms, we evolve a single BBH system to verify that the evolution of SMA, eccentricity, and angle of periapse match analytical expectations (Peters 1964) , and find that the orbit-averaged pN en- ergy is conserved when only pN terms below the 2.5 order are included in the equations of motion (Mora & Will 2004) . Example binary-binary encounters that led to a GW capture and highly-eccentric inspiral are shown in Figure 2 .
SCATTERING EXPERIMENTS
With our endstates defined and pN equations of motions implemented, we performed O(10 5 ) scatterings for each initial condition, specified by component masses, incoming velocity, orbital SMA, and orbital eccentricity. We Monte Carlo sample over all other extrinsic parameters defining the initial configuration of the system (see Section 2.1), and accumulate statistics on various endstates and the orbital characteristics of resultant binaries.
First, we derive analytical approximations and perform scattering experiments to investigate the post-encounter orbital properties from binary-binary interactions. Following this, we perform binary-binary scatterings in the strong encounter regime on a fixed grid, varying only one parameter of the system configuration at a time. We then consider binarybinary and binary-single encounters from the classical channel of dynamical BBH formation: BBHs assembled in old, metal-poor GCs. We use a few dozen GC models with various initial conditions that are evolved over cosmic time using the Cluster Monte Carlo (CMC) code (Joshi et al. 2000; Chatterjee et al. 2010; Morscher et al. 2013; Rodriguez et al. 2016a) . Models are taken from Rodriguez & Loeb (2018) and Rodriguez et al. (2018a) , with updates to include orbital dissipation from GWs and 2.5pN terms when integrating strong encounters (Rodriguez et al. 2018b ). The initial conditions of encounters used in our scattering experiments, as well as the relative abundance of binary-binary and binarysingle interactions, are taken from these models. We analyze interactions from each cluster model separately to examine general trends in encounters as a function of cluster property.
Orbital properties following strong encounters
The BHs residing in the collapsed cores of GCs are susceptible to many strong encounters during their lifetimes, thereby erasing information about their primordial orbital histories. It is through these strong encounters that binary orbits tighten, as components ejected from the interaction siphon orbital energy during their ionization. The distribution of binary orbital properties resulting from strong encounters is thereby largely independent of the properties of primordial binaries, but influenced by the initial energetics of the systems that take part in the strong encounter.
In the case of strong binary-single interactions, the average change in SMA between the incoming and outgoing binary can be analytically approximated using three-body energetics. From the normalized orbital energy distribution for binary systems that are assembled in three-body processes (Heggie 1975) , one finds that the mean fractional decrease in binary SMA from a strong binary-single encounter is δ 3 ≈ 7/9 (Samsing 2018).
In the four-body problem, strong encounters which undergo RIs typically lead to two ejected and unbound components, requiring roughly double the orbital energy to be transferred to the kinetic energy of the ionized particles. Furthermore, the greater number of component BHs and larger mass in the interaction means the system's gravitational potential is slightly deeper, and ionization necessitates larger energy requirements. Therefore, one would expect the mean fractional decrease in SMA from a strong binary-binary encounter δ 4 to be smaller, making the hardening process more drastic in binary-binary encounters. Given two incoming binary BHs in the hard binary limit (v ∞ v crit ), the initial energy of the system is determined by the binding energy of the two binaries. Assuming equal masses and SMAs, this is given by
If one of the two binaries becomes dissociated from the encounter and its components ejected, the maximum binding energy that the remaining binary could have is half of the initial energy of the encounter, and therefore
However, the ionized particles are typically ejected at speeds greater than the escape velocity. We estimate the typical ejection velocity from a strong encounter through conservation of energy in a binary-single encounter:
where µ 3 is the reduced mass of the three-body system (2m/3 for equal mass) and v ion is the typical velocity of the ionized particle. Solving for v ion yields
If we assume that the velocity of the ionized particles after the encounter is similar for binary-binary interactions, equating initial and final energy of an ionizing binary-bianry interaction gives us
where µ 4 is the reduced mass of the three-body metastable system and the ionized particle (3m/4 for equal mass). Substituting v ion from Equation 10 and solving for δ 4 , we get
If we assume a binary-single encounter does not harden the resultant binary at all, δ 3 = 1 and δ 4 reduces its maximum value of δ 4,max = 0.5. Using instead a value of δ 3 ≈ 7/9 as derived in Samsing (2018), we find a value of δ 4 ≈ 0.38 where again δ 4 is the mean fractional change in the SMA of the remaining binary after an ionizing four-body encounter. Alternatively, one could instead assume the ejection process results from two successive ejections by one of the binaries in the interaction, which each have an equal effect on the hardening process. In this case, δ 4 is simply found to be 0.5 × δ 3 2 = 0.30. These analytical approximation are supported by the scattering experiments shown in Figure 3 . Here, we plot the post-interaction orbital properties of bound binaries that underwent a binary-binary (blue) and binary-single (orange) exchange & ionization. −0.10 for δ 3 and δ 4 , respectively, consistent with our analytical approximations. Although our simple estimates seem to provide a good understanding of the expected hardening of the remaining binary after a strong binary-binary encounter, we refer the reader to Leigh et al. (2016) and Leigh et al. (2017) for a more detailed study of the problem.
Fiducial strong encounters
In the following two sections, we explore how the probability of inducing a GW captures is affected by the initial conditions of the interacting system using fiducial binary parameters, and quantitatively examine how non-dissipative pN terms influence the cross-section of such GW captures. Figure 4 shows the scaling of endstate cross-sections as a function of SMA and SMA ratio, α = a 2 /a 1 . Though incoming velocities also affect endstate probability, the velocity dispersion within the cores of GCs are typically low compared to the critical velocity of the binaries. To this end, we examine a grid of binaries with equal mass ratios in the hard binary limit (v ∞ v crit ), with fiducial values of v ∞ /v crit = 0.01 and component BH masses of m i j = 20 M .
Dependence on binary parameters
We find the expected scaling relations derived for binarybinary encounters in the Newtonian regime (cf. Figure 3 in Antognini & Thompson 2016) . The GW capture endstate, which was not included in Newtonian scattering experiments, reaches a peak probability at α 1 and occurs at a probability approximately two orders of magnitude less than the most probable endstate at equal SMA ratio (no exchange). For values of α 1 or α 1, we find that the GW capture crosssection once again drops; this is due to the tighter binary effectively acting as a single particle during the interaction, and therefore the encounter proceeds similar to a three-body interaction. This will cause shorter-lived RIs with less IMSs than a typical four-body encounter, thereby decreasing the probability of the GW capture endstate.
Notably, the GW capture endstate occurs at a higher probability for values of α < 1 compared to large values of α, whereas the Newtonian endstates are all symmetric about α. The bottom panel of Figure 4 shows the reason for this effect. We define the GW capture probability simply as
where N total, j is the total number of either binary-binary ( j=bb) or binary-single ( j=bs) scattering experiments that are performed and N cap, j is the number those encounters which lead to a GW capture endstate. Thus, the reduced crosssection for an inspiral is given bŷ
where M is the total mass of the four-body system, a 0 is the initial SMA of the target binary, and σ CI is the cross-section for a close interaction where a system passes within a sphere of influence marked by the target binary's separation (Samsing et al. 2014) .
For an IMS binary to undergo a GW capture during the RI its pericenter distance must be below some characteristic capture distance r cap . The value of this distance is determined from where the GW energy loss integrated over one pericenter passage, ∆E p (r p ) ≈ (85π/12)G 7/2 c −5 m 9/2 r −7/2 p (see . Since reduced cross-sections are normalized by the orbital area and v∞/vcrit is fixed, the scaling relations are identical to those for a particular endstate probability. Top panel: the target binary has a fixed SMA of a1 = 1 AU. We find that the single ionization and exchange endstates scale as α −1 and α −2 , respectively, as found in Antognini & Thompson (2016) . For the GW capture endstate, we show crosssections for simulations where we include all pN terms up through the 2.5pN order (filled circles) and only the 2.5pN order (open circles, artificially offset for readability); we find no statistically significant change due to the inclusion of lower-order non-dissipative pN terms. Bottom panel: SMAs are varied between 10 −1 and 10 1 AU, with a SMA ratio of unity. The reduced cross-sections of the GW capture endstate scales as a −5/7 , analagous to binary-single encounters (cf. Samsing et al. 2014) . Also shown in open squares and open triangles are binary-binary GW capture probabilities where the component binary mass ratios are 0.5 and 0.25, respectively, and the total mass of each binary in the interaction is held fixed at 40 M . These systems follow the same scaling relation as the equal mass case, but with slightly lower GW capture probability. Hansen 1972) , is comparable to the total energy of the fewbody system (Samsing et al. 2017a,b ) that in the hard binary limit is approximately the binding energy of the initial binaries, E B (a 0 ) ∝ m 2 /a 0 (see Samsing et al. 2014) . Solving for the pericenter distance at which ∆E p (r cap ) = E B (a 0 ), one now finds r cap ∝ m 5/7 a 2/7 0 (Samsing et al. 2017b ). Since the eccentricity of the IMS binary follows a thermal distribution, the probability for a GW capture and inspiral is P cap ∝ r cap /a 0 . Thus, the reduced cross-section for an inspiral endstate scales asσ
where the last proportionality holds for our scattering experiments where the incoming velocity is fixed relative to the critical velocity of the target binary, which scales as v crit ∝ m/a 0 . Thus, for fixed v ∞ /v crit the reduced crosssection is directly proportional to the GW capture probability. This behavior is consistent between binary-binary and binary-single encounters, as can be seen in the bottom panel of Figure 4 . The peak in the GW capture probability for values of 0.3 α 0.8 is due to the interplay of the two effect described above: though the GW capture probability increases as the SMA decreases, if α becomes too small the tighter binary will act as a single particle and the interaction will effectively proceed as a three-body encounter. Most importantly, though, is that we find the probability of a binary-binary encounter leading to a GW capture is 3-5 times higher than the probability of a binary-single encounter leading to a GW capture for any initial value of the SMA.
To test the sensitivity of the GW capture cross-section scaling relation to variations in binary properties, scatterings with unequal masses and SMAs were also examined. Though Figure 4 only shows binaries with an SMA ratio of α = 1, SMA ratios of α = 0.1 and α = 0.5 found consistent GW capture probabilities and an identical scaling relation -the scaling of the GW capture probability as a function of SMA in the bottom plot is therefore true for each SMA ratio in the top plot. Moving to mass ratios further away from unity while keeping the total mass fixed causes the GW capture probability to decrease; though the slope of the power law remains the same (P cap ∝ a −5/7 0 ), the GW capture probability is ∼2-3 times lower when the mass ratio drops to 0.25. This is likely due to the lower-mass components being preferentially ejected during the interaction, leading to a shorter-lived RI, less IMS binaries synthesized during the interaction, and therefore a slimmer chance of drawing the high eccentricity needed for a rapid GW capture before the system dissociates (Sigurdsson & Phinney 1993) . However, binaries which interact in cluster cores trend towards equal masses, so we expect the scatterings with a mass ratio of unity to be most representative of the true cluster binaries. In fact, in our cluster models we find a median mass ratio of ∼0.9 in the component binaries of binary-binary interactions, with 90% of systems having mass ratios greater than ∼0.6.
Effect of non-dissipative pN terms
We also examine how the inclusion of the 1pN and 2pN terms in the equations of motion affect the induction of GW captures during RIs. The reduced cross-section for the GW capture endstate including (not including) the 1pN and 2pN terms can be seen in Figure 4 with filled (unfilled) blue circles. We find no measurable difference in the GW capture cross-section when 1pN and 2pN terms are included compared to simulations where only the 2.5pN term is included. Though the statistical and systematic uncertainty affect our measurement of the GW capture cross-section to a higher degree, our experiments show that the amplification or suppression of GW captures during RIs due to the inclusion of nondissipative pN terms is limited to percent-level deviations at most. However, it is important to note that the 1pN and 2pN terms are crucial for following the evolution of encounters that result in stable triples. Though we do not examine the evolution of such systems here, we refer the reader to Antonini et al. (2016) .
Strong encounters in GCs
We next perform binary-single and binary-binary BH scattering experiments tuned to GC models, which provide a distribution of pre-encounter orbital parameters that is more representative of systems in the universe. In particular, we gauge the relative contributions of binary-binary and binarysingle encounters in inducing GW captures. Regardless of cluster properties, binary-single BH encounters occur ∼10-100 times more frequently than binary-binary BH encounters. However, as seen in Figure 4 , the probability of GW captures is higher for a given binary-binary encounters by a factor of ∼3-5. For our scattering experiments involving cluster binaries, we only include the 2.5pN term, as the orbital characteristics are more accurately extracted and, as shown in Section 3.2.2, non-dissipative pN terms have a negligible effect on the cross-section of GW inspirals during RIs.
Inspiral efficiency of binary-binary interactions
In the top panel of Figure 5 , we show the GW capture probability for binary-binary and binary-single encounters in a range of cluster models with various masses, metallicities, and virial radii. The cluster compactness is the dominant influence on GW capture probability, with metallicity playing no noticeable role; we therefore plot P cap for the various cluster models as a function of compactness, defined as M c /R vir , where M c is the initial GC mass and R vir its initial virial radius. Similar to our gridded scattering experiments, we find that in our GC models the probability of inducing a GW capture during a binary-binary interaction is larger than that for a binary-single interaction. In fact, from our strong encounters extracted from GC models, which are more representative of the true astrophysical population, the value is found to be even higher; these experiments indicate that a binary-binary interaction is ∼4-7 times more likely to lead to a GW capture than a binary-single encounter.
We can define the contribution of binary-single or binarybinary GW captures to the total number of GW captures in a given cluster model as
where P c cap,j is the GW capture probability and N c j is the total number of binary-single ( j=bs) or binary-binary ( j=bb) interactions in a given cluster model. We find binary-binary GW capture contributions of R c bb ∼25-45% in the GC models examined, with a median of 36%. Though we find R Analytical arguments in Samsing (2018) predict that the GW capture probability scales linearly with the cluster compactness. As seen in Figure 5 , this linear trend fits our data well for GC models with moderate and high compactness, though the GW capture probability is lower than expected for clusters with low compactness. This deviation may be due to small number statistics, as fewer strong interactions take place during the lifetime of a low-mass cluster.
Eccentricity of inspirals
One of the most notable properties of GW inspirals that arise from dynamical encounters is their eccentricity. We divide the BBH mergers from such encounters into 3 categories:
• EJECTED INSPIRALS are binary systems whose postencounter center of mass velocity exceeds the escape velocity of the GC, 3 and evolve in isolation following their ejection. We only include systems that merge within a Hubble time in this population. As these systems merge over timescales ranging from tens of millions to billions of years, they have mostly circularized by the time GW emission evolves their orbits into the LIGO/Virgo sensitive frequency range, regardless of their post-encounter eccentricity.
• IN-CLUSTER BINARY INSPIRALS leave a resonating encounter in a hardened binary system with postencounter velocities that do not exceed the escape speed of the cluster. If the SMA is small enough and/or the eccentricity is large enough, these binaries can merge through GW emission before encountering another object in the cluster. The typical interaction timescale of objects in the core of a cluster is dependent on cluster properties and the age of the cluster, and the precise time between discrete interactions was not recorded in our models. However, we can approximate the typical interaction timescale of a binary from its cross-section, which is dependent on the component masses and SMA of the binary. Taking a fiducial interaction timescale of τ = 10 Myr for a post-encounter binary with m 1 = m 2 = 20 M and a = 0.3 AU (see Samsing 2018) , and noting that the binary-single interaction cross-section is given by σ bs = 6πGma/v 2 disp where v disp is the velocity dispersion, the typical time between binary-single interactions scales as
where n BH is the number density of single BHs. We scale the fiducial value of τ int by the total mass and SMA accordingly for each post-encounter binary and compare it to the GW merger timescale: (1 − e 2 ) 3/2 de, where β is a constant factor dependent on the component masses and c 0 is determined by the initial conditions a = a 0 and e = e 0 (Peters 1964) . If τ insp < τ int , the binary merges prior to its next encounter in the cluster and is therefore classified as an in-cluster binary inspiral. Since these tight binaries merge on a shorter timescale than ejected binaries, they typically merge with larger eccentricities than those of ejected mergers.
• GW CAPTURES 4 are systems which inspiral and merge during the RI itself, determined when a GW capture endstate is reached (see Section 2.3), or if a binary inspirals and merges within 10 5 seconds of its final encounter in the RI. 5 This can occur from the formation of a hard eccentric IMS binary that merges during the chaotic encounter, or through a highly eccentric capture where the two objects emit enough gravitational radiation during a close pass on a hyperbolic orbit for the binary to become bound and rapidly inspiral. This mechanism can even cause highly eccentric binaries to be formed within the sensitive frequency ranges of ground-based GW detectors, resulting in initial eccentricities close to unity and mergers which typically occur less than a second after the system becomes bound.
We record the eccentricities and SMAs of each bound binary once an endstate is reached in our scattering simulations. To find the eccentricity at a particular GW frequency, we numerically solve for the orbital properties of the binary at a given eccentric peak frequency as in Wen (2003):
4 In recent work, this category of GW inspirals is often referred to as "three-body mergers". However, since this work shows that a significant fraction of such mergers come from encounters involving more than three bodies, we instead use the nomenclature GW captures for these systems. 5 We include this criterion because sometimes the final interaction of the RI, which would eventually leave the binary in isolation, induces the highlyeccentric inspiral which mergers shortly after the isolation tidal threshold is reached and the system is marked as an ionization endstate. Without this criterion implemented, we would find a small number of highly-eccentric systems that are categorized as in-cluster binary inspirals rather than GW captures.
which is coupled to the differential equation from Peters (1964) 
For cases where the binary forms at frequencies above f GW , e( f GW ) > 1 and these equations are not differentiable. To distinguish these systems, we calculate the pericenter distance at a reference eccentricity of (1 − e ref ) = 10 −3 . The pericenter distance is given by Peters (1964) : (21) where the constant c 0 is determined by the orbital parameters recorded at the end of the integration. We compare this distance to the SMA of the binary if it were on a circular orbit at an orbital frequency of f orb = f GW /2:
where f GW is the minimum detectable frequency by a fiducial GW detector. If R p < a circ , then the binary formed inside the sensitive frequency range of the detector at a frequency greater than f GW , and it is assigned an extremal eccentricity of e = 1. Since the R p asymptotically approaches the true initial pericenter distance as e approaches 1, our choice of reference eccentricity has little effect on this procedure. For example, increasing or decreasing (1 − e ref ) by an order of magnitude changes the value of R p by less than 0.5%. Similar to Samsing & Ramirez-Ruiz (2017) and Rodriguez et al. (2018b) , we find GW inspirals induced from pN binarybinary RIs to have a distinctive imprint on the distribution of binary eccentricities. Figure 6 shows the eccentricity distributions for these three categories of dynamically-induced inspirals from binary-binary encounters. We find little difference in the shape of the binary-binary and binary-single eccentricity distributions in our simulations, and the highly eccentric peak in our binary-binary distributions is consistent with previous work (Samsing & Ramirez-Ruiz 2017; Rodriguez et al. 2018b) .
We also calculate the inspiral time (τ insp ) from the formation of the binary until the merger as in Equation 18 . However, since we record the binary information at the point when the simulations terminate, the orbital properties at binary formation for systems that reached a GW capture endstate are ambiguous. To estimate the inspiral times of this population, we note that these systems are generally formed from highly eccentric captures, and therefore choose a high reference eccentricity of (1 − e ref ) = 10 −3 at formation and calculate a ref and τ insp accordingly.
The inspiral times for our three populations of GW inspirals can be seen in the right panel of Figure 6 . The continuum of inspiral times between low-eccentricity GW captures Figure 6 . Eccentricity distributions and delay times resultant from three distinct populations of binary-binary induced GW inspirals: ejected inspirals (gray), in-cluster binary inspirals (orange), and GW captures (blue). Solid colored lines show the eccentricity at 10 Hz -the approximate lower end of the LIGO/Virgo sensitive frequency range. Dashed colored lines show the eccentricity at 10 −2 Hz -the most sensitive frequency predicted for the space-based LISA detector. The solid and dashed black lines show minimum measurable eccentricities predicted for LIGO/Virgo (Lower et al. 2018 ) and LISA (Nishizawa et al. 2016) , respectively. None of the GW captures are accessible by LISA, as they form at orbital frequencies above LISA's sensitive frequency range.
and high-eccentricity in-cluster binary inspirals supports our choice for e ref . Additionally, we find that the inspiral times of GW captures are relatively insensitive to our choice of e ref .
We comment on this further, as well as other methods which have been utilized for calculating the inspiral times of GW captures in Section 4.
DISCUSSION
Until recently, the prospect of detecting eccentric BH mergers with ground-based GW detectors was stifled by assumed long inspiral times and the ensuant damping of orbital eccentricities. However, the past couple years have shown substantial progress in identifying formation scenarios that can maintain appreciable eccentricity even at the high GW frequencies accessible to ground-based detectors, such as the merger of binaries in hierarchical triples from the LidovKozai mechanism Silsbee & Tremaine 2017; Randall & Xianyu 2018a) , single-single captures in NSCs (O'leary et al. 2009; Lee et al. 2010; Kocsis & Levin 2012) , and RIs in the cores of stellar clusters (Rodriguez et al. 2018b; Samsing 2018) . These channels all predict astrophysical rates within the predicted detection capabilities of the Advanced LIGO/Virgo network at design sensitivity (Abadie et al. 2010) , and may be the most important feature in a GW waveform for definitively distinguishing its BBH progenitor from an isolated binary formation scenario. Prior to this study, the role strong binary-binary encounters play in inducing eccentric GW inspirals was never systematically explored.
GW capture contribution from binary-binary encounters
The literature on pN scattering experiments has thus far focused on the contribution of binary-single encounters as the main driver of GW captures in GCs. By performing scattering experiments initialized on binary-single and binarybinary encounters extracted from cluster models, we were able to quantify the importance of binary-binary encounters in the pN scenario for the first time. Even though binarybinary encounters have a larger interaction cross-section, the relative scarcity of binary BH systems compared to isolated BHs in cluster cores lead to these interactions occurring an order of magnitude less often than binary-single BH interactions. However, binary-binary interactions lead to more complex RIs that last significantly longer than their binary-single counterparts, facilitating ∼ 5 times more metastable IMS binaries before the system dissociates. Since the probability of generating a GW capture and inspiral scales linearly with the number of IMSs, this causes binary-binary encounters to be ∼ 5 times more likely to induce a highly-eccentric inspirals. This culminates in a 25-45% amplification in the rate of GW captures predicted solely from binary-single interactions (Samsing 2018) . The relative rate of GW captures in GCs is therefore expected to be ∼ 10% with approximately half of these mergers having eccentricities large enough to be measurable by LIGO/Virgo. These numbers have also been found using pure numerical techniques (Rodriguez et al. 2018b) ; the remarkably consistency between these different approaches indicates the robustness of this result.
From the bottom panel in Figure 5 , we see that the binarybinary contribution is weakly sensitive to the compactness of the cluster environment; binary-binary encounters contribute ∼ 40% of the total number of eccentric inspirals from GW captures for clusters with M c /R vir ∼ 10 5 compared to ∼ 30% for clusters with M c /R vir ∼ 10 6 . As expected, we find metallicity have no effect on the relative importance of binarybinary and binary-single encounters at inducing GW captures. Despite this moderate variability, the relatively weak sensitivity on the specifics of cluster properties indicates that the binary-binary contribution to GW captures found in our investigation is a good measure of the contribution in the true, astrophysical GC population.
One interesting property of GCs that may affect the role and rate of binary-binary encounters is the initial stellar binary fraction. The GC models in this study use an initial binary fraction of 5%, which is loosely based on the observed binary fraction of Milky Way GCs (Rubenstein & Bailyn 1997; Bellazzini et al. 2002; Ivanova et al. 2005) . Though this may be representative of the initial binary fraction for low-mass stars, it is not necessarily the case for high-mass stars which are the progenitors of BHs. The high-mass binary fraction is much more opaque, as progenitor stars of high-mass primordial binaries finished their stellar evolution early in the history of the cluster and are no longer observable in the local universe. However, Chatterjee et al. (2016) found that regardless of initial high-mass binary fraction GCs converge to the same number of remaining BBH systems after ∼ 3 Gyr of evolution, further supporting the evidence that BH interactions at late times are set by the internal dynamics and overall cluster properties rather than the details of the initial binary orbital properties. Nevertheless, we ran a set of GC models where the primordial high-mass binary fraction was varied between 5% and 100%, tracking the number of binary-single and binary-binary BH interactions over cosmic time. As expected, we find little difference in both the total number of BH interactions and the relative contribution of binary-binary encounters in facilitating inspirals as we change the initial binary fraction.
Another way in which binary-binary interactions may lead to more in-cluster mergers is through triple formation. In the Newtonian regime, a binary-single encounter will not be able to synthesize a bound, stable triple system. Though energy losses through GW emission can theoretically lead to a bound triple from a strong binary-single BH interaction, the presence of an extra component in the interaction makes binarybinary encounters much more efficient at generating bound triple systems (Fregeau et al. 2004; Antognini & Thompson 2016) , as the ejection of the fourth BH can efficiently drain energy from the encounter and result in a bound, stable three-body state (see the triple cross-section in Figure 4) . If the Lidov-Kozai oscillation timescale is significantly shorter than the periapse-precession timescale, the third body can induce a highly-eccentric mergers in the inner binary before the outer binary of the triple is disrupted due to another encounter in the cluster core . Mergers from Lidov-Kozai oscillations in triples will likely imprint a unique eccentricity distribution relative to other in-cluster mergers. This amplification will be investigated further in future work.
Effect of cluster properties on highly-eccentric GW inspirals
Though cluster properties do not strongly affect the relative fraction of eccentric inspirals between binary-binary and binary-single BH encounters, the GW capture cross-section and probability are sensitive to the cluster property particulars. As anticipated in Samsing (2018), we find the cluster compactness to be the primary influence on the GW capture probability in a given cluster. As cluster cores become more compact, the escape velocity necessary to eject binaries from strong encounters will increase, which leads to binaries achieving harder orbits before it is energetically probable for them to be ejected. We find that the GW capture probability for a BH encounter scales linearly for clusters with moderate to high compactness values in both the binary-binary and binary-single cases, though as can be seen in Figure  5 , extrapolating this relationship to low compactness values slightly overpredicts the GW capture probability.
The GW capture probability from binary-binary encounters in the clusters we examine range from ∼ 0.002-0.01. Therefore, in our most optimistic models a binary-binary BH encounter will lead to a GW capture and eccentric inspiral approximately once every 100 binary-binary encounters. However, massive and compact clusters are highly efficient at ejecting their BHs ). In the local universe, BHs are more likely to reside in the cores of more diffuse clusters, where an appreciable number of BHs may still be retained in the segregated cluster core. Therefore, the models with lower compactness are more representative of the BH population in the local universe, and RI inspirals are more likely to occur once every ∼ 300-500 binary-binary encounters.
Eccentricity and prospects of measurability
BBH inspirals assembled through dynamical encounters imprint unique features in their eccentricity distributions, which may be a key driver in disentangling the relative rates of various proposed BBH formation scenarios. Population modeling predicts highly overlapping distributions of masses which may prove very difficult to leverage in attempts to disentangle formation channels (e.g., Zevin et al. 2017) , and if natal spins of heavy stellar mass BHs are naturally low as current BBH detections may indicate, the majority of GW spin measurements may also prove uninformative (Farr et al. 2017a,b) .
In the context of current ground-based GW detectors, GW captures in GC cores are a promising scenario for detectable eccentricity, as the Advanced LIGO/Virgo network will be able to distinguish an eccentric from a circular binary in systems similar to GW150914 if the eccentricity is 0.05 (Lower et al. 2018) . As seen in Figure 6 , the eccentricity distribution of GW captures peaks at approximately 0.05 at a GW frequency of 10 Hz, indicating a substantial fraction of these systems will have discernible eccentricity if they are detected. Furthermore, we see a spike in the eccentricity distribution of GW captures near e ≈ 1 from systems which become bound BBHs inside the LIGO/Virgo band. However, the detectability and selection biases inherent to such highlyeccentric sources are difficult to ascertain, as substantial eccentricity will also limit the effectiveness of current matchedfiltering searches, which search the data using quasi-circular, aligned-spin templates.
Ejected and in-cluster binary inspirals will have eccentricities too low to differentiate between circular signals at a GW frequency of 10 Hz. However, space-based GW detectors such as LISA will be sensitive to orbital frequencies ranging from 10 −4 -10 −1 and orbital eccentricities at 10 −2 and possibly as low as 10 −3 (Nishizawa et al. 2016; Breivik et al. 2016 ). We show the eccentricity distribution of these two populations at 10 −2 Hz with dashed lines in Figure 6 . Similar to the binary-single interactions studied in Samsing & Samsing (2018) , we find these populations of BBHs formed through binary-binary encounters to have eccentricities measurable by LISA. Therefore, the combination of ground-based and space-based detectors may be useful in disentangling these three dynamically-induced inspiral scenarios.
We also show inspiral times of the three populations in the right panel of Figure 6 . At first glance, the extremely short inspiral timescales of highly-eccentric binaries seems promising; the probability of a detection generally scales inversely with the delay time if the rate of such interactions is constant throughout the age of the Universe. On the other hand, these rapid inspiral timescales may cause the majority of such systems to merge early on in the history of the cluster. If this is the case, BBH mergers from RIs would occur at redshifts of z ≈1-2, above the horizon of current GW detectors. However, Rodriguez et al. (2018b) shows that though ejected BBHs typically merge later due to the large inspiral times between ejection and merger, many BH systems are still retained in GC cores at the present day and inspirals from GW captures still constitute ∼10% of the BH mergers from GCs in the local universe.
For the most part, the eccentricity distributions of our GC inspirals are consistent with previous work (cf . Samsing & Ramirez-Ruiz 2017; Rodriguez et al. 2018b ). We note that Rodriguez et al. (2018b) reported a slightly different distribution for the in-cluster binary inspiral population; in Figure  6 we do not resolve a peak at an eccentricity of 10 −3 . This discrepancy is due to a misclassification of triple systems in Rodriguez et al. (2018b) and is resolved in Rodriguez et al. (2018a) . We also find that GW captures constitute roughly 17% of all GC inspirals that originate from binary-binary BH interactions. However, this number should taken with caution, as we do not weight our cluster models by the cluster mass function of the local universe, and a proper local rate estimate will need to convolve the formation time of the different GC inspiral populations with their respective inspiral time distribution.
Since the scattering experiments performed in this study only record the orbital properties of inspiraling binaries once the simulations terminate, the inspiral times of GW captures (i.e., from the IMS binary formation to merger) are approximated by assuming all systems are formed at a reference eccentricity of (1 − e ref ) = 10 −3 (see Section 3.3.2). In the high-eccentricity limit, the inspiral time goes as τ insp (a 0 , e 0 ) ∝ a This approximation is supported by the continuous distribution found between the GW capture and in-cluster binary inspiral populations in the right panel of Figure 6 , where the orbital properties for the latter population are recorded postinteraction and inspiral times calculated in the typical way (Peters 1964) . Though inspirals near the LIGO/Virgo band may have formed at eccentricities higher than our reference eccentricity, this approximation only constitutes an estimate of the inspiral time at binary formation and does not affect any of the main results in this study.
Lastly, we find that the eccentricity distributions of BBH mergers from binary-binary and binary-single encounters are virtually identical, indicating that the eccentricities themselves will not help decipher which type of resonant dynamical encounter led to the merger. Furthermore, the mass distributions of BHs involved in GW captures, in-cluster binary inspirals, and ejected inspirals are indistinguishable. However, our scattering experiments weight all interactions over the cluster lifetime equally; properly accounting for cluster evolution and convolving inspiral times with binary formation times may find distinguishing characteristics in the mass distributions for cluster mergers in the local universe (see Rodriguez et al. 2018a) . Accurate measurements of the rate of highly-eccentric BBH mergers from an accumulation of GW detections over next few years will help to establish a rate of these exotic signals and provide further insight into the relative contribution of binary-binary interactions in facilitating GW captures during RIs within GCs. Furthermore, if the rate of GW captures compared to in-cluster binary inspirals proves to be constant across clusters, we could leverage the detection of highly-eccentric signals to gain insight into the total rate of BBH mergers from GCs.
Post-Newtonian equations of motion
We find the inclusion of pN terms in N-body scattering experiments to have a negligible effect on the Newtonian endstates of binary-binary encounters. In the context of GW captures, previous studies have already discovered that the energy dissipative 2.5pN term plays an important role in facilitating in-cluster mergers in hardened, eccentric binaries between encounters and in the chaotic RIs themselves. This study was the first to examine the effect of lower-order, nondissipative 1pN and 2pN terms in the equations of motion used in N-body scattering experiments. Though the 1pN and 2pN terms do not dissipate orbital energy, these lower-order terms are the primary driver of certain aspect of general relativistic orbital evolution such as periapse precession and play an important role in the stability of secularly evolving systems such as hierarchical triples (Blaes et al. 2002) .
Particularly in the case of four-body encounters, the inclusion of these terms may have proven important in accurately capturing the probability of GW captures, especially if many inspirals were the result of short-lived hierarchical triples. However, we find that these terms have no noticeable effect on the probability of GW captures during resonating encounters, implying that using only the 2.5pN term suffices in accurately capturing the probability of inspirals during strong BH encounters in GCs.
Nonetheless, the strong encounters examined in this study are in a highly-relativistic regime; as BBHs approach merger their velocities reach appreciable fractions of the speed of light. Though higher-order pN terms will not affect our probabilistic measurements, truncating the pN expansion may lead to inaccuracies in the integration of the system as it approaches merger, and thereby lead to errors in the measurements of orbital quantities such as the SMA and eccentricity at a particular GW frequency. We therefore stop our integration at a particular threshold value of the SMA, namely when the binary SMA is less than ten times the sum of the two BH Schwarzschild radii (equivalent to 40M in geometrized units, assuming equal masses). Two 20 M BHs on a circular orbit at this SMA would be moving at ∼ 0.2c, meaning the contribution from the 3pN term is ∼ 0.2% that of the lowest order pN term. Furthermore, such a system would merge in just a few seconds, making the possibility of perturbations from other components in the encounter negligible. However, terminating the integration at larger SMA values should still suffice; even at an SMA of 100M two 20 M BHs on a circular orbit would merge in less than 100 seconds. In the future, when performing pN N-body scattering experiments it may therefore be more accurate to halt the Nbody integration at larger orbital separations and evolve the orbital properties of the system forward numerically to the GW frequencies of interest. This can either be accomplished by terminating the simulations once an assigned tidal threshold is surpassed as in Samsing et al. (2014) or by choosing a fixed orbital separation at which to terminate that is large enough such that the Newtonian orbital parameters are still accurate yet small enough so perturbations from other particles in the interaction are negligible for the remainder of the inspiral; this methodology is explored further in Rodriguez et al. (2018a) .
CONCLUSIONS
In this study, we systematically investigated the contribution of strong binary-binary encounters to the population of eccentric BH inspirals in GCs, derived scaling relations for GW captures due to binary-binary interactions, quantified the importance of lower-order (non-dissipative) pN terms in facilitating eccentric BBH mergers, and gauged the efficiency and properties of eccentric GW captures from realistic cluster models. Our key findings are:
1. Though less common than binary-single BH interactions in GCs, binary-binary BH interactions are ∼ 5 times more likely to induce a GW capture during a RI, and therefore contribute to ∼ 25-45% of the total number of highly-eccentric inspirals originating from strong encounters in GCs where the remaining are mostly from binary-single interactions.
2. The GW capture probability from binary-binary encounters follows the same SMA and mass scaling relation as binary-single encounters: P cap ∝ (M/a 0 ) 5/7 .
3. GW capture probabilities for both binary-binary and binary-single interactions monotonically increase as a function of the compactness of the cluster environment, scaling linearly with compactness for moderately and highly compact GCs.
4. The relative contribution of GW captures induced from binary-binary interactions to the total number of GW captures is mildly sensitive to the cluster compactness, with the contribution of GW captures from binarybinary encounters being slightly less prominent in the most compact clusters.
5. Non-dissipative pN terms play a negligible effect in inducing inspirals during chaotic BH encounters in GCs; the GW capture cross-section can be accurately captured by only including the Newtonian and 2.5pN terms in the N-body equations of motion.
6. GW inspirals produced from binary-binary encounters in GCs are similar to those produced from binarysingle encounters and lead to three distinct populations of BBH mergers: ejected inspirals, in-cluster binary inspirals, and GW captures. The BBH mergers from each population have a distinct eccentricity distribution. GW captures generally have eccentricities measurable by LIGO/Virgo, whereas in-cluster binary mergers and ejected mergers have eccentricities measurable by LISA.
7. Eccentric BBH inspirals formed in the cores of GCs occur at rates accessible to the Advanced LIGO/Virgo network at design sensitivity. A single observation of such a signal will highly constrain its formation scenario, and a population of such detections could lead to the most stringent constraints on the relative rates of BBH formation channels.
